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Multiply unstable black hole critical solutions

Steven L. Liebling
Center for Relativity, The University of Texas at Austin, Austin, Texas 78712-1081

~Received 12 May 1998; published 8 September 1998!

The gravitational collapse of a complex scalar field in the harmonic map is modeled in spherical symmetry.
Previous work has shown that a change of stability of the attracting critical solution occurs in parameter space
from the discretely self-similarity critical~DSS! solution originally found by Choptuik to the continuously
self-similar ~CSS! solution found by Hirschmann and Eardley. In the region of parameter space in which the
DSS is the attractor, a family of initial data is found which finds the CSS as its critical solution despite the fact
that it has more than one unstable mode. An explanation of this is proposed in analogy to families that find the
DSS in the region where the CSS is the attractor.@S0556-2821~98!06118-9#

PACS number~s!: 04.70.Bw, 04.25.Dm, 04.40.2b
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I. INTRODUCTION

Much progress has been made in understanding the
linear phenomena associated with the threshold of black
formation first found by Choptuik@1#. He studied the col-
lapse of a minimally coupled, real scalar field whose init
configuration is parametrized by some parameterp. For ini-
tial data with p less than some critical valuep* , the field
energy explodes through the center of spherical symm
and disperses. Forp.p* , the configuration collapses t
form a black hole. In the limitp→p* , a solution perfectly
poised between collapse and dispersal, thecritical solution,
is reached.

Naively one might expect to find a tremendous variety
critical solutions dependent on the form of the initial da
used~e.g. Gaussian pulses parametrized by an amplitudp,
sinusoidal pulses parametrized by a frequencyp, etc.!. How-
ever, Choptuik found that the critical solution for any inte
polating family was precisely the same. The critical soluti
he found was said to beuniversal because of its apparen
independence on the initial data.

In addition to its universality, the critical solution foun
by Choptuik exhibits discrete self-similarity~DSS! such that
the fields are periodic in logutu and logr via f (r ,t)
5 f „exp(logr1D),exp(logutu1D)… for a universal constantD
'3.44. Later, studies of axisymmetric vacuum gravity
vealed similar critical behavior with a different echoing co
stantD'0.6, showingD to be model specific@2#. However,
the nature of how the field equations select a specific valuD
was, and still is, mysterious.

Discovery of other critical solutions has since followe
including various continuously self-similar solutions~CSS!
found in perfect fluid collapse and other scalar collapse m
els whereby the fields obeyf (r ,t)5t iv f 0(2r /t) @3–5#.

Here the issue of universality is examined. Universa
comes about because of the presence of only one uns
~relevant! mode about the critical solution. The single u
stable mode sends nearby trajectories in phase space
from the critical solution. The trajectories either disperse
form black holes. This mode is then appropriately called
black hole mode. Though the critical solution is unstable,
process of tuning progressively limits the influence of t
mode, delaying its growth. Modulo this unstable mode,
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critical solution is then an attractor and therefore called
intermediate attractor.

When a critical solution has more than one unstable m
it ceases to be an intermediate attractor. Tuning a o
parameter family of initial data still tunes the black ho
mode, but the trajectory will still generically be sent aw
from such a critical solution by the presence of the oth
unstable modes.

The model studied here is the harmonic map~also called
the nonlinear sigma model! with a free parameterk. The
model represents a mapping of a self-gravitating comp
scalar field onto a target space with constant curvature. T
curvature, parametrized by2k, characterizes theinternal
space of the field. For the casek50 the model is simply a
free complex scalar field minimally coupled to gravity who
action we recover by settingk50 in the action for the non-
linear sigma model, Eq.~A1!. In this case, the target space
the complex plane with zero curvature. For positive values
k, the non-linear sigma model maps into a hyperboloid. T
model is equivalent to a real scalar field coupled to Bra
Dicke gravity studied in@6#. For negativek, the target space
is the sphere,S2.

Because fork50 the model is identical to the free com
plex scalar field, the attracting critical solution is known
be the DSS. Hirschmann and Eardley have shown the CS
have a pair of conjugate unstable modes in addition to
black hole mode fork near zero@5#. However, their analysis
shows that ask is increased abovek'0.075 a bifurcation
occurs and the extra unstable modes become stable. He
in this region, it should be an attracting critical solutio
while below this range ofk, the DSS is the critical solution
The evolutions of@6# confirm this change in stability and
give evidence that the DSS is not the attractor abo
k'0.1. The harmonic map then has both the CSS and D
as attracting critical solutions in distinct regions of parame
space.

A remarkable family of initial data~called spiral initial
data here! is presented which finds the CSS critical soluti
in the region of parameter space for which the DSS is
demonstrated attractor. In this article, the reasons why
family can find a multiply unstable critical solution are stu
ied. It is argued that the spiral initial data is quite special
© 1998 The American Physical Society15-1
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STEVEN L. LIEBLING PHYSICAL REVIEW D 58 084015
that its saturation of a charge bound disallows the growth
the extra unstable modes.

This family is presented in Sec. II along with the critic
solutions obtained. The family is then perturbed and the c
cal solution is seen to deviate from pure CSS. These res
are discussed in Sec. III, beginning with a discussion of
DSS in a region where it ceases to be an intermediate at
tor. An explanation of the reasons that the CSS can be fo
when not an intermediate attractor follows. After the Conc
sion, an Appendix provides the equations of motion for
model. I also note that the results described below were g
erated using a modified version of Choptuik’s adapt
mesh-refinement code for massless scalar collapse@1#.

II. NUMERICAL RESULTS

Because in spherical symmetry the gravitational field
no degree of freedom, initial data is completely determin
by the specification of the scalar field and its time derivat
at the initial time. Because the fieldF(r ,t) is complex, we
can decompose the field into its real and imaginary com
nentsc(r ,t) andf(r ,t), respectively, and specify their ini
tial profilesc(r ,0) andf(r ,0). Setting the generalized tim
derivatives @see Eq. ~A10!# to zero initially via
Pc(r ,0)5Pf(r ,0)50 yields time symmetric data. Settin
Pc(r ,0)5c(r ,0)8 andPf(r ,0)5f(r ,0)8 yields initial data
which approximates an ingoing wave. For what follows, t
choice of either of these does not affect the critical solut
found.

Generally the type of the initial data does not affect t
obtained critical solution because of universality, and he
a common choice has been a Gaussian pulse in each o
components

c~r ,0!5Ace2~r 2Rc!2/dc
2

f~r ,0!5Afe2~r 2Rf!2/df
2
, ~1!

where Ac ,Af ,Rc ,Rf ,dc ,df are arbitrary real constants
However, instead of a decomposition into real and imagin
parts, the complex field can be expressed by a magnitude
phase

F~r ,0!5 f ~r ,0!eih~r ,0! ~2!

for arbitrary real functionsf (r ,t) andh(r ,t).
The family which is of interest here is most easily e

pressed in this form where the phase is linear inr

F~r ,0!5 f ~r !eivr ~3!

and wherev is an arbitrary real constant. This data rep
sents a generalized spiral in the complex plane and is ca
spiral initial data here. So that the fields are regular a
compact, f (r ) is constructed such thatf (r→0)50 and
f (r max)50. The constantr max represents the size of the nu
merical grid. Also, for reasons that should become cl
later, f (r ) is constructed so that it varies much more slow
in r than the exponential term. Generally,f is either Gauss-
ian or takes a step-function-like form
08401
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f ~r !5
1

4
@11tanh~r 2r low!#

3@12tanh~r 2r high!# ~4!

for arbitrary constantsr low,r high.
Spiral initial data is remarkable because critical searc

conducted with this data find the CSS critical solution f
k'0. Figure 1 displays the critical solution obtained wi
various initial data for values ofk for which the DSS is the
attractor. These results show that the spiral data is quite
cial in the space of initial configurations.

Perturbations of this data are made according to

c~r ,0!5 f ~r !~A1DA!

3cos~vr 1Dw!

f~r ,0!5 f ~r !A sin~vr !, ~5!

and the critical solutions obtained are shown in Figs. 2 an
The figures show the last subcritical solution obtained b
critical search at a time just before it decides to disperse.
graphs then represent the outgoing record of the collaps

FIG. 1. Critical solutions for both Gaussian@dashed, Eq.~1!#
and spiral@solid, Eq.~2!# initial data fork50.1,0.0,0.5. The solu-
tion shown with open circles is that found by Hirschmann and Ea
ley with the assumption of continuous self-similarity@5#.

FIG. 2. Perturbations of phase for the spiral initial data
k50. Even for small changes in the relative phase ofc andf, the
critical solution is driven toward the DSS.
5-2
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MULTIPLY UNSTABLE BLACK HOLE CRITICAL SOLUTIONS PHYSICAL REVIEW D 58 084015
the self-similar regime towards lnr→`. Larger then repre-
sents early time, and the graphs show that as the perturb
is increased, the self-similar pulse gradually develops a
crete oscillation. This development represents the funne
of the solution away from the CSS and toward the DSS.

These results make clear that changing the relative ph
of the two fields or their relative amplitudes causes the c
cal solution to be attracted to the DSS. Perturbations of
relative frequency produces similar results.

While Figs. 2 and 3 show that only initial data complete
out of phase finds the CSS, the spiral data can be fur
perturbed via

F~r ,0!5 f ~r !exp~ ivr p! ~6!

for pÞ1 and still be consideredp/2 radians out of phase
However, as shown in Fig. 4, forpÞ1 the CSS is not the
critical solution. The initial data for these configurations a
shown in Fig. 5.

Before discussing these results, it is interesting to c
sider initial data which consists of the superposition of t
different frequenciesv1 andv2

F~r ,0!5 f 1~r !eiv1r1 f 2~r !eiv2r . ~7!

FIG. 4. Critical solutions (k50) obtained for the spiral data fo
various values ofp @Eq. ~6!#. The initial data for these critica
solutions are shown in Fig. 5.

FIG. 3. Perturbations of relative amplitude for the spiral init
data fork50. Again, the solution is driven toward the DSS.
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Both the initial data and the critical solution are shown
Fig. 6. This example of the superposition of two frequenc
finds the CSS as shown in the figure, however, not all
amples of this family do. Families withf 15 f 2 and compa-
rable frequencies resulted in critical solutions which a
peared CSS.

As mentioned previously, initial data which is otherwis
spiral but hasf (r ) varying on scales comparable tov is
driven away from the CSS critical solution in much the sa
way that the perturbations shown in Figs. 2 and 3 drive
solution away from the CSS. Also, many examples of init
data of the form~7! are similarly driven away from the CSS
Experimentally, the strongest indicator of initial data whi
will find the CSS is when the energy density is everywhe
proportional to the charge density. That this proportiona
indicates the specialness of spiral initial data is discusse
Sec. III B.

III. DISCUSSION

Surprisingly enough, in this case a discussion of the D
critical solution in the regionk*0.1 is simpler than the dis
cussion of the CSS. In this region of parameter space,
the DSS which has multiple unstable modes, and it is re
tively easy to understand the families of initial data whi

FIG. 5. Initial data for the critical solutions displayed in Fig. 4

FIG. 6. Critical solution obtained for initial data consisting
two frequenciesv152.1 and v253.6 @Eq. ~7!#. The top frame
shows the initial data. The bottom frame displays the critical so
tion.
5-3
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STEVEN L. LIEBLING PHYSICAL REVIEW D 58 084015
find the DSS. Hence, the discussion of these special fam
is presented first, followed by a discussion of the specialn
of the spiral data.

A. The DSS

In the harmonic map model, fork*0.1 the CSS is the
attracting critical solution. Numerical evolutions of variou
families of initial data generically find the CSS, and do n
find the DSS. Gundlach showed that the DSS has only
unstable mode fork50, but the stability analysis of the DS
has not been done for generalk @7#. However, evolutions of
this model, as well as results in the equivalent region of
model in @6#, clearly indicate that fork*0.1 the DSS has
more than one unstable mode.

However, there are non-generic families that do find
DSS in this regime despite the presence of these extra
stable modes. Consideration of this phenomenon is helpfu
understanding the CSS occurring fork50.

One description of initial data that finds the DSS in th
regime is mentioned in@6#. In that work it was found that
when one component of the field was initially vanishing,
remained zero. The model here, being equivalent to that
for k.0, retains this feature as shown in the equations
motion for the two components of the scalar field
Eq. ~A8!. Because the CSS is necessarily complex~it has
charge!, initial data with one field initially vanishing is un
able to find the CSS as its critical solution. Thus, families
initial data of the form

F~r !5 f ~r !

c~r !5 f ~r !

f~r !50 ~8!

for arbitrary f (r ) will only find the DSS.
However, a more general set of families can be fou

with this principle in mind. Consider initial data of the form

F~r !5eiC f ~r !

c~r !5cos~C! f ~r !

f~r !5sin~C! f ~r ! ~9!

for arbitrary constantC. This data corresponds to a glob
rotation of Eq. ~8! by an angleC in the complex plane.
Because the Lagrangian is invariant with respect to this
tation, the critical solution must be the same as the ini
data described by Eq.~8!.

A more physical understanding of this can be gained
examining the issue of charge. For both sets of initial d
~8!, ~9!, the charge is zero. In fact, all components of t
current density, Eq.~A3!, vanish

j m50. ~10!

The divergence of this current is zero, so the current den
will not grow if initially vanishing. In other words, the sys
tem with no charge is in a symmetric state with respec
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charge, and this symmetry would have to be broken were
charge to become positive or negative.

Because the CSS can have either positive or nega
charge, these sets of initial data are precisely balanced
tween trajectories that would take them to the CSS with po
tive charge and those that would take them to the negativ
charged CSS~since the model is independent of which fie
is considered the imaginary component and which the
component of the complex scalar field, the sign of the cha
of the CSS is arbitrary!. It is this balance that enables them
see the DSS as a critical solution with only one unstab
mode when in fact it has more than one. The initial data
already tuned one of the extra unstable modes~or an unstable
conjugate pair of modes!.

With the knowledge that the extra unstable mode cor
sponds to a charged mode, a two-parameter search can
be conducted. Determination of an appropriately para
etrized initial data family is somewhat more subtle than t
for the one parameter data. With a one parameter searc
parameterization needs to be smooth and monotonic in
mass of the initial data near the critical point because
excitation of the black hole mode is characterized by
mass contained. Here, that mode must also be tuned, bu
unstable charged modes must be tuned as well. Hence
second parameter must be locally monotonic in charge n
the critical point.

A two parameter search with the data

f ~R!5e2~r 2R!2/D2

c~r !5p f~Rc!

f~r !5p f~Rc2d110p! ~11!

finds the DSS. Here,f (R) is a Gaussian pulse centered o
some radiusR, and Rc and D are arbitrary constants. Th
parametersp and d are used to tune both the mass and
charge of the initial data. Ford fixed, p effectively tunes the
initial energy content. Withp fixed and withd'10p, in-
creasingd increases the charge from some negative value
to some positive value~the constant 10 is chosen arbitrarily!.
Setting d510p turns the family back into one with zer
charge.

With this data, some value ford near the value 10p is
chosen, and the black hole critical solution is bracketed s
ficiently closely so that the sign of the initial charge of th
critical solution is known. A differentd is chosen so that the
sign of the charge of the critical solution is found to be t
opposite sign. These two values ofd then bracket a critical
value d* for which the critical solution (p5p* ) has zero
charge. In this manner, the DSS is found.

The difference between this two-parameter tuning and
ing initial data with zero charge is simply the order in whic
the tuning occurs. In the latter, the initial data is alrea
tuned to have zero charge. The remaining task is then to
the mass. However in the former, the charge is being tu
first to arrive at a one-parameter family that in general h
5-4
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MULTIPLY UNSTABLE BLACK HOLE CRITICAL SOLUTIONS PHYSICAL REVIEW D 58 084015
charge. It is only at the critical value ofp that this one-
parameter family~found from thed search! that the solution
has zero charge.

In Fig. 7 a series of critical solutions fork51 with initial
data of the form~11! are shown. For each case,up2p* u is of
order machine precision. The critical solution gets close
the DSS in the limit (d2d* )/d*→0. Interestingly, while the
critical solutions of the perturbed spiral data in Fig. 3 a
peared initially to be headed toward the CSS only to
funneled to the DSS, these solutions do the opposite. T
begin initially as DSS solutions but eventually head to
CSS. As they get closer to the critical solutiond* , the DSS
lasts for a progressively longer time. This similarity is co
sistent with the spiral being tuned to the unstable mode
the CSS.

B. The CSS

Initial data of the form Eq.~9! will always find the DSS,
because, having no charge, a direction must be picked
ward either positive or negative charge to break the sym
try. In the case of finding the multiply-unstable CSS, t
spiral data maximizes the charge of the initial data fo
given energy, and so it appears that a symmetry mus
broken to disperse all the charge and arrive at the DSS.

To find a bound on the charge, consider the norm of
vector @FaFaF ,m

c 6@(12kuFu2)2/2# ecdF
dj m# at the initial

time for time-symmetric initial data. Because at the init
time all the time components vanish, the norm is posit
definite. This is similar to a trick employed by Belavin an
Polyakov@8# and described in Rajaraman@9#. Computing

FFaFaF ,m
c 6

~12kuFu2!2

2
ecdF

dj mGFFaFaFc,m

6
~12kuFu2!2

2
eceF

ej mG>0 ~12!

uFu2F ,mF* ,m>
~12kuFu2!4

4
j m j m. ~13!

FIG. 7. Critical solutions withk51 for various levels of charge
tuning (d2d* )/d* . The initial data is of the form found in
Eq. ~11!. The field 2m/r is shown for (d2d* )/d* equal to 0.1,
0.01, 0.001, 0.0001. Asd approachesd* the solution appears dis
cretely self-similar longer but eventually becomes the CSS.
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This inequality~13! can be expressed in terms of the ener
density for time-symmetric initial data

T005
a2F ,mF* ,m

8p~12kuFu2!2 . ~14!

The bound is then

32puFu2

~12kuFu2!2 T00>a2 j m j m ~15!

which, for k50, is simply

32puFu2T00>a2 j m j m. ~16!

Hence there is an upper limit to the square of the cha
density for a given energy density.

Letting the initial data be of the general form~2!, the
condition to saturate this bound fork50 is

uFu2F ,mF* ,m5
1

4
j m j m ~17!

which implies

~ f 8!250. ~18!

Saturation therefore occurs when all energy occurs in
phase rotation,h8. Physically, this is apparent by looking a
the behavior ofF in the complex plane. Becausef 8 vanishes,
as F is traced out for variousr , the magnitudef does not
change; only the phase is changing so the path is a circle
the plane. This tracing then maximizes the area covered f
given energy. The area covered is proportional to the cha
so the charge is maximized.

This analysis applies only fork50 with time-symmetric
initial data, though presumably similar arguments wou
hold for the generalization to other values ofk and ingoing
initial data.

At this point, it is interesting to compare the family~9! to
the spiral initial data. These two families are, in some sen
complementary. Pick somer , and imagine that point in the
complex plane. To construct data of the form~9!, determine
the field values for all otherr by requiring these points to fal
on the radial line between this initial point and the origin.
this fashion, the initial data will have some global pha
constant inr , equal to some valueC. However beginning
once again from that initial point in the plane, the restricti
of Eq. ~18! says that to construct spiral initial data, asr is
increased the curve in the plane must lie everywhereperpen-
dicular to the radial direction.

Another condition restricting the spiral data appears to
that the charge density must be independent ofr . Just as seen
with families that find the multiply unstable DSS where t
charge density must be everywhere zero independent or ,
here the charge density must be everywhere a maximum
independent ofr .

In order for the charge density to be independent ofr , the
rate at which the data covers the plane,v5h8, must be
constant inr . Initial data which would otherwise be spira
5-5
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STEVEN L. LIEBLING PHYSICAL REVIEW D 58 084015
but with h8Þ0 are shown in Fig. 5 with their respectiv
critical solutions shown in Fig. 4. These results indicate t
only for p51 in Eq. ~6! is the CSS found.

Another perspective on the constraints of the spiral dat
afforded by examining the ratio of the charge density to
energy density

j m

F ,mF* ,m 5
2a2f 2h8

~ f 8!21 f 2~h8!2 5
2a2

h8
. ~19!

That this ratio is approximately independent ofr for the
conditions f 850 andh950 appears to indicate that tunin
the mass of the initial data also tunes the charge. In o
words, with the charge to mass ratio everywhere the sa
the critical search cannot find a solution which disperses
the charge.

Construction of smooth, compact, and regular initial d
consistent with the restrictions

f 8~r ,0!50, h9~r ,0!50 ~20!

is quite difficult. Regularity at the origin requires eith
f (0,t)50 or f 8(0,t)505h8(0,t).

Satisfying the former along with strict observance of E
~20! leads to the trivial solutionF(r ,0)50. Instead, as men
tioned earlier, initial data is used wheref vanishes at the
origin, but is then ‘‘turned on’’ at some largerr . The condi-
tion f 850 is then not satisfied everywhere, but forf 8!v the
CSS is still found.

Satisfying the latter condition along withh950 at the
initial time also leads to a trivial solutionF(r ,0)5C, for
some complex constantC. Again, v can be ‘‘turned on’’ at
some largerr , but this can only be done in a smooth way
h9(r ,0) is not everywhere zero.

The difficulty in constructing non-trivial, regular, initia
data which is strictly spiral has hampered the analysis. W
initial data of the form ~9! has the symmetry
f(r )5tan(C)c(r) which holds at all times, it is not clear i
there is such a preserved symmetry here. The approxim
symmetryf(r )5tan(vr)c(r) holds at the initial time for the
spiral data but does not appear to hold throughout the e
lution. Also, the bound~18! is shown only for time-
symmetric initial data but ingoing spiral data also finds t
CSS. However, the evolutions consistently show that ini
data which has the ratio of charge density to energy den
independent ofr will find the CSS as its critical solution.

IV. CONCLUSION

A special family of initial data is described which find
the CSS critical solution in a region of parameter spa
where generic initial data finds the DSS. The specialnes
this family is discussed. A bound on the charge density
time-symmetric initial data is found, which this family sat
rates. Because the spiral data maximizes the charge de
and because this charge density is independent ofr , it is
argued that the extra unstable modes cannot grow bec
their growth would pick a direction in which to decrease t
charge. The inability of the extra modes to grow then in
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cates that the spiral data ‘‘see’’ only the black hole mo
around the CSS.

Because both the CSS and DSS can both be found w
they have multiple unstable modes, it seems possible
other suitably tuned families in other models might fin
other, previously unknown multiply unstable critical sol
tions.
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APPENDIX: EQUATIONS OF MOTION

The actionS for the model under study here is

S5E d4xA2gS R2
2u¹Fu2

~12kuFu2!2D , ~A1!

defined in terms of a complex scalar fieldF(r ,t),

F~r ,t !5c~r ,t !1 if~r ,t !, ~A2!

its complex conjugateF* (r ,t), and a dimensionless param
eter k. The operator¹ represents the covariant derivativ
The action~A1! is invariant with respect to global rotation
of F, and thus has a conserved current

j m5
i ~FF* ,m2F* F ,m!

~12kuFu2!2 . ~A3!

In component form where Latin indices run over 1 and 2
the real and imaginary components, this current is

j m5
2

~12kuFu2!2 eabF
aFb

,m . ~A4!

The field equations are then

Gmn58pTmn ~A5!

hF5
22kF*

12kuFu2
F ;mF ;m ~A6!

whereGmn is the usual Einstein tensor and the stress ene
takes the form

Tmn5

c ,mc ,n1f ,mf ,n2
1

2
gmn~c ,rc ,r1f ,rf ,r!

4p„12k~c21f2!…2
.

~A7!

In terms of the real and imaginary parts ofF, the wave
equation becomes
5-6
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hc52
2k@cc ,mc ,m2cf ,mf ,m12fc ,mf ,m#

12k~c21f2!

hf52
2k@ff ,mf ,m2fc ,mc ,m12cc ,mf ,m#

12k~c21f2!
.

~A8!

We work in spherically symmetry with the metric

ds252a2~r ,t !dt21a2~r ,t !dr21r 2dV2. ~A9!

We introduce the following auxiliary variables in order
cast the field equations in first order in time form
a

th

n

08401
Pc[
a

a
ċ, Fc[c8

Pf[
a

a
ḟ, Ff[f8, ~A10!

where overdots and primes denote derivatives with respe
t and r , respectively. The two second order wave equatio
become four, first order equations
Ṗc5r 22S r 2a

a
FcD 8

1
2ak@c~Fc

22Pc
22Ff

2 1Pf
2 !12f~FcFf2PcPf!#

a„12k~c21f2!…
~A11!

Ḟc5S a

a
PcD 8

~A12!

Ṗf5r 22S r 2a

a
FfD 8

1
2ak@f~Ff

2 2Pf
2 2Fc

21Pc
2 !12c~FfFc2PfPc!#

a„12k~c21f2!…
~A13!

Ḟf5S a

a
PfD 8

. ~A14!
of

n-
r

the
lds
ose
tter
alar
The fieldsc andf are maintained at each time step by sp
tially integrating their respective spatial derivatives

c~r ,t !5E
0

r

Fc~ r̃ ,t !dr̃ ~A15!

f~r ,t !5E
0

r

Ff~ r̃ ,t !dr̃. ~A16!

The Hamiltonian constraint is

a8

a
1

a221

2r
5

r @Fc
21Ff

2 1Pc
21Pf

2 #

2„12k~c21f2!…2
. ~A17!

The nature of polar slicing and the radial gauge yields
constraint on the lapse functiona

05
a8

a
2

a8

a
1

12a2

r
. ~A18!

Finally, combination of an evolution equation and a mome
tum constraint yields an evolution equation fora

ȧ5ra
FcPc1FfPf

„12k~c21f2!…2
. ~A19!

Regularity of the solution at the origin demands
-

e

-

a~0,t !85a~0,t !850 ~A20!

Fc~0,t !5Ff~0,t !50, ~A21!

and local flatness there is enforced by

a~0,t !51. ~A22!

We have the freedom to pick a condition ona on each time
slice which corresponds to a global change in the labeling
slices. We impose the condition ona at the large radius
boundary of the gridr max

a~r max,t !5
1

a~r max,t !
. ~A23!

As long as no radiation is escaping from the grid, this co
dition implies that coordinate timet corresponds to prope
time for an observer atr 5`.

The nature of being restricted to a finite grid imposes
need for an artificial boundary condition on the matter fie
there. Since our spacetime is asymptotically flat, we imp
an approximate outgoing radiation condition on the ma
fields. The flat space wave equation for some general sc
field Q(r ,t) in spherical symmetry

hQ⇒~rQ! tt5~rQ!rr ~A24!

has the solution
5-7
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rQ5 f ~r 1t !1g~r 2t ! ~A25!

for two general functionsf ~in-going component! andg ~out-
going component!. To eliminate the in-going component a
the outer boundary, we enforce at the boundary the condi

]~rQ!

]r
52

]~rQ!

]t
~A26!

with the equations

ṖQ1PQ8 1
PQ

r
50 ~A27!

ḞQ1FQ8 1
FQ

r
50, ~A28!

which effectively limits reflection off the outer boundary.
The metric ~A9! corresponds to a ‘‘dynamical’

Schwarzschild metric, allowing the association

a2~r ,t !5S 12
2m~r ,t !

r D 21

, ~A29!
08401
n

where the fieldm( r̃ , t̃ ) represents the mass aspect functi
measuring the amount of mass contained within a shel
radiusr̃ centered about the origin at coordinate timet̃ . Equa-
tion ~A29! leads to

m~r ,t !5
r

2 S 12
1

a2D , ~A30!

so that from the fielda(r ,t), we can obtain the mass aspe
function.

An advantage of polar slicing~and most slicing conditions
used in numerical relativity! is that it avoids singularities
Further, because of our use of polar-areal coordinates,
cannot observe the formation of a true horizon which is
coordinate singularity in our coordinates. Instead, by mo
toring m(r ,t)/r we can observe the formation of a horizo
and hence a black hole whenm/r→1/2. Wherem/r ap-
proaches 1/2, we can determine the mass of the black
forming by simply halving the radius where the horizo
forms.
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