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Multiply unstable black hole critical solutions
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The gravitational collapse of a complex scalar field in the harmonic map is modeled in spherical symmetry.
Previous work has shown that a change of stability of the attracting critical solution occurs in parameter space
from the discretely self-similarity criticalDSS solution originally found by Choptuik to the continuously
self-similar (CS9 solution found by Hirschmann and Eardley. In the region of parameter space in which the
DSS is the attractor, a family of initial data is found which finds the CSS as its critical solution despite the fact
that it has more than one unstable mode. An explanation of this is proposed in analogy to families that find the
DSS in the region where the CSS is the attradi60556-282(98)06118-9

PACS numbe(s): 04.70.Bw, 04.25.Dm, 04.46b

[. INTRODUCTION critical solution is then an attractor and therefore called an
intermediate attractor.

Much progress has been made in understanding the non- When a critical solution has more than one unstable mode
linear phenomena associated with the threshold of black holg ceases to be an intermediate attractor. Tuning a one-
formation first found by Choptuikl]. He studied the col- parameter family of initial data still tunes the black hole
lapse of a minimally coupled, real scalar field whose initialmode, but the trajectory will still generically be sent away
configuration is parametrized by some parameteFor ini-  from such a critical solution by the presence of the other
tial data withp less than some critical valug*, the field _nstable modes.
energy explodes through the center of spherical symmetry The model studied here is the harmonic nfafso called
and disperses. Fop>p*, the configuration collapses t0 the nponlinear sigma modelith a free parametek. The

L * .
form a black hole. In the limip—p*, a solution perfectlly  ,qe| represents a mapping of a self-gravitating complex
pmsedhbeatvveen collapse and dispersal,dfitcal solution  gcqiar field onto a target space with constant curvature. This
IS reached. . . . curvature, parametrized by «, characterizes thénternal

Naively one might expect to find a tremendous variety of : o

- . L space of the field. For the cage=0 the model is simply a
critical solutions dependent on the form of the initial datafree complex scalar field minimallv counled to aravity whose
used(e.g. Gaussian pulses parametrized by an amplifyde " P b tting=0 Y th P y fg thy
sinusoidal pulses parametrized by a frequepgcgtc). How- action we recover py setling=1 In the action for th€ non-

linear sigma model, EqAL). In this case, the target space is

ever, Choptuik found that the critical solution for any inter- ) 2
polating family was precisely the same. The critical solutionthe complex plane with zero curvature. For positive values of

he found was said to beniversalbecause of its apparent % the non-linear sigma model maps into a hyperboloid. This
independence on the initial data. model is equivalent to a real scalar field coupled to Brans-
In addition to its universality, the critical solution found Dicke gravity studied i6]. For negativex, the target space
by Choptuik exhibits discrete self-similaripS9 such that  is the spheres”.
the fields are periodic in Idgy and logr via f(r,t) Because foik=0 the model is identical to the free com-
= f(exp(logr+A),exp(lodt|+A)) for a universal constank plex scalar field, the attracting critical solution is known to
~3.44. Later, studies of axisymmetric vacuum gravity re-be the DSS. Hirschmann and Eardley have shown the CSS to
vealed similar critical behavior with a different echoing con- have a pair of conjugate unstable modes in addition to the
stantA~0.6, showingA to be model specifi€2]. However, black hole mode fok near zerd5]. However, their analysis
the nature of how the field equations select a specific vAlue shows that asc is increased above~0.075 a bifurcation
was, and still is, mysterious. occurs and the extra unstable modes become stable. Hence,
Discovery of other critical solutions has since followed in this region, it should be an attracting critical solution,
including various continuously self-similar solutiof€SS  while below this range ok, the DSS is the critical solution.
found in perfect fluid collapse and other scalar collapse modThe evolutions of{6] confirm this change in stability and
els whereby the fields obefy(r,t) =t'“fy(—r/t) [3-5]. give evidence that the DSS is not the attractor above
Here the issue of universality is examined. Universalityx~0.1. The harmonic map then has both the CSS and DSS
comes about because of the presence of only one unstalds attracting critical solutions in distinct regions of parameter
(relevany mode about the critical solution. The single un- space.
stable mode sends nearby trajectories in phase space awayA remarkable family of initial datacalled spiral initial
from the critical solution. The trajectories either disperse omata hergis presented which finds the CSS critical solution
form black holes. This mode is then appropriately called then the region of parameter space for which the DSS is the
black hole mode. Though the critical solution is unstable, thalemonstrated attractor. In this article, the reasons why this
process of tuning progressively limits the influence of thefamily can find a multiply unstable critical solution are stud-
mode, delaying its growth. Modulo this unstable mode, thded. It is argued that the spiral initial data is quite special in
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that its saturation of a charge bound disallows the growth of 04 F =01 —_Spiral

the extra unstable modes. 0.3 P\ oo Gaussian
This family is presented in Sec. Il along with the critical 02 B SN '

solutions obtained. The family is then perturbed and the criti- o1k e e

cal solution is seen to deviate from pure CSS. These results 04 R

are discussed in Sec. lll, beginning with a discussion of the g, 03 F

DSS in a region where it ceases to be an intermediate attrac- ozl 3 )

tor. An explanation of the reasons that the CSS can be found 0.1 k& et

when not an intermediate attractor follows. After the Conclu- 04 B, #7705

sion, an Appendix provides the equations of motion for the 03 F N\

model. | also note that the results described below were gen- 0.2 S

erated using a modified version of Choptuik’s adaptive 01 Bl '7_‘4' '\*;‘2‘ = =

mesh-refinement code for massless scalar collfplse In r

FIG. 1. Critical solutions for both Gaussiddashed, Eq(1)]
and spiral[solid, Eq.(2)] initial data for x=0.1,0.0,0.5. The solu-
Because in spherical symmetry the gravitational field hagion shown with open circles is that found by Hirschmann and Eard-
no degree of freedom, initial data is completely determinedey with the assumption of continuous self-similari&j.
by the specification of the scalar field and its time derivative
at the initial time. Because the fielel(r,t) is complex, we
can decompose the field into its real and imaginary compo-
nentsy(r,t) and ¢(r,t), respectively, and specify their ini-
tial profiles (r,0) and¢(r,0). Setting the generalized time
derivatives [see Eq. (A10)] to zero initially via ,
I1,(r,0)=I14(r,0)=0 yields time symmetric data. Setting for arbitrary constants;o,,<rign- o
TM,(r,0)= y(r,0)" andIl ,(r,0)=¢(r,0)’ yields initial data Spiral |n|t|z_il dat_a is remgrkable becaus_e_cntlcal s_earches
which approximates an ingoing wave. For what follows, theconducted with this data find the CSS critical solution for

choice of either of these does not affect the critical solution*=0- Figure 1 displays the critical solution obtained with
found. various initial data for values of for which the DSS is the

Generally the type of the initial data does not affect the@ttractor. These results show that the spiral data is quite spe-

obtained critical solution because of universality, and henc&@! in the space of initial configurations. ,
a common choice has been a Gaussian pulse in each of the Perturbations of this data are made according to

II. NUMERICAL RESULTS

f(r)=%[1+tanr{r—r|ow)]

X[1—tanh(r —rpign ] (4)

components (//(I’,O)Zf(l’)(A-FAA)
w(r,0)=A¢e‘(r‘R¢)2’d2¢ X coq wr +A @)
Br,0=Age 1R, 1) $(r.0)=1(r)A sin(wr), (5)

where A, ,A,;,R,,R,.d,.d, are arbitrary real constants. and the critical solutions obtained are shown in Figs. 2 and 3.
However, instead of a decomposition into real and imaginaryrhe figures show the last subcritical solution obtained by a
parts, the complex field can be expressed by a magnitude aritical search at a time just before it decides to disperse. The

phase graphs then represent the outgoing record of the collapse of
F(r,0)=f(r,00e""0 (2 . Ap=0.0001
1
for arbitrary real functiong (r,t) andh(r,t). 0.05

The family which is of interest here is most easily ex-
pressed in this form where the phase is linear in

F(r,00=f(r)e'“" ©)

[T T[T [ T[T T[T [ [T TR [ TP AT

and wherew is an arbitrary real constant. This data repre- °

sents a generalized spiral in the complex plane and is called 0.1

spiral initial data here. So that the fields are regular and 0.05 £ R
compact, f(r) is constructed such that(r—0)=0 and N A
f(r may=0. The constant ., represents the size of the nu- -8 -6 4

Inr

merical grid. Also, for reasons that should become clear
later, f(r) is constructed so that it varies much more slowly
in r than the exponential term. Generalfyis either Gauss-
ian or takes a step-function-like form

FIG. 2. Perturbations of phase for the spiral initial data for
«=0. Even for small changes in the relative phase/@nd ¢, the
critical solution is driven toward the DSS.
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FIG. 5. Initial data for the critical solutions displayed in Fig. 4.
FIG. 3. Perturbations of relative amplitude for the spiral initial L. . . )

data forx=0. Again, the solution is driven toward the DSS. Both the initial data and the critical solution are shown in

Fig. 6. This example of the superposition of two frequencies

_ . finds the CSS as shown in the figure, however, not all ex-
the self-similar regime towards -, Larger then repre- ; . . e
amples of this family do. Families with;=f, and compa-

sents early time, and the graphs show that as the perturbation ; : - . .
o s . Table frequencies resulted in critical solutions which ap-
is increased, the self-similar pulse gradually develops a d's'eared CSS

crete oscnlatlon. This development represents the funnelin As mentioned previously, initial data which is otherwise
of the solution away from the CSS and toward the DSS. ; : :
spiral but hasf(r) varying on scales comparable to is

These results make clear that changing the relative phag fiven away from the CSS critical solution in much the same

of the two fields or their relative amplitudes causes the criti-

cal solution to be attracted to the DSS. Perturbations of th(\évay that the perturbations shown in Figs. 2 and 3 drive the

. L Solution away from the CSS. Also, many examples of initial
relative frequency produces similar results.

While Figs. 2 and 3 show that only initial data completely (éata O.f thetfollrn(t7r)] aret S|m|IartIy_ ddr!ve:l aw;':ly ftr_orlndthte Csh.s'h
out of phase finds the CSS, the spiral data can be furtherPenmentatly, the strongest indicator of iniial data whic
perturbed via will flnd_ the CSS is when the energy den5|_ty is ever_ywhe_re
proportional to the charge density. That this proportionality
indicates the specialness of spiral initial data is discussed in

F(r,0)=f(r)expiwrP) (6) Sec. IlIB.

for p#1 and still be consideree/2 radians out of phase. 1. DISCUSSION
However, as shown in Fig. 4, fqg#1 the CSS is not the
critical solution. The initial data for these configurations are
shown in Fig. 5.

Before discussing these results, it is interesting to con
sider initial data which consists of the superposition of two
different frequencies; and w,

Surprisingly enough, in this case a discussion of the DSS
critical solution in the regionk=0.1 is simpler than the dis-
cussion of the CSS. In this region of parameter space, it is
the DSS which has multiple unstable modes, and it is rela-
tively easy to understand the families of initial data which

: — ’lﬁ /‘\
— iwqr i wor 004 - — ¢ RN
F(r,0)=f(r)e'“1"+f,(r)e'2". (7) e n ; \
0_02:_ - dq/dr SN / \
0.1 4r i
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FIG. 6. Critical solution obtained for initial data consisting of
FIG. 4. Critical solutions k=0) obtained for the spiral data for two frequenciesw;=2.1 and w,=3.6 [Eq. (7)]. The top frame
various values ofp [Eq. (6)]. The initial data for these critical shows the initial data. The bottom frame displays the critical solu-
solutions are shown in Fig. 5. tion.
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find the DSS. Hence, the discussion of these special familiesharge, and this symmetry would have to be broken were the
is presented first, followed by a discussion of the specialnessharge to become positive or negative.
of the spiral data. Because the CSS can have either positive or negative
charge, these sets of initial data are precisely balanced be-
A. The DSS tween trajectories that would take them to the CSS with posi-
tive charge and those that would take them to the negatively
charged CS$since the model is independent of which field
is considered the imaginary component and which the real
component of the complex scalar field, the sign of the charge
6f the CSS is arbitrady It is this balance that enables them to
seethe DSS as a critical solution with only one unstable
mode when in fact it has more than one. The initial data has
ealready tuned one of the extra unstable mddesn unstable
conjugate pair of modes

In the harmonic map model, fot=0.1 the CSS is the
attracting critical solution. Numerical evolutions of various
families of initial data generically find the CSS, and do not
find the DSS. Gundlach showed that the DSS has only on
unstable mode fok =0, but the stability analysis of the DSS
has not been done for general7]. However, evolutions of
this model, as well as results in the equivalent region of th
model in[6], clearly indicate that fox=0.1 the DSS has

more than one unstable mode. With the knowledge that the extra unstable mode corre-

Howevgr, thgre are nqn-generic families that do find thesponds to a charged mode, a two-parameter search can now
DSS in this regime despite the presence of these extra ups

bl des. Considerat £ this ph < heloful e conducted. Determination of an appropriately param-
stable mo es. Lonsi eration O.t IS phenomenon 1S NeIpIUl yizeq initial data family is somewhat more subtle than that
understanding the CSS occurring fer 0.

o s . .. for the one parameter data. With a one parameter search, a

One description of initial data that finds the DSS in this 5.5 meterization needs to be smooth and monotonic in the
regime is mentioned ii6]. In t_hat Work.'t. was fOUUd f[hat_ mass of the initial data near the critical point because the
when one component of the field was initially vanishing, it o, citation of the black hole mode is characterized by the

remained zero. The model here, being equivalent to that Ongasq contained. Here, that mode must also be tuned, but the

for k>0, retains this feature as shown in the equations ofstaple charged modes must be tuned as well. Hence, the

motion for the two components of th_e scalar_ field in gocong parameter must be locally monotonic in charge near
Eq. (A8). Because the CSS is necessarily compliéxhas the critical point.

charge, initial data with one field initially vanishing is un- A two parameter search with the data
able to find the CSS as its critical solution. Thus, families of

initial data of the form
f(R) :ef(rfR)Z/D2
F(r)=1(r)

p(r)="F(r) p(r)=pf(Ry)

#(r=0 ® $(r)=pf(R,— 5+10p) (11
for arbitrary f(r) will only find the DSS.
However, a more general set of families can be foundinds the DSS. Heref(R) is a Gaussian pulse centered on
with this principle in mind. Consider initial data of the form some radiuRR, and R, andD are arbitrary constants. The
parameterg and § are used to tune both the mass and the

— aiC
F(r)=e™f(r) charge of the initial data. Faf fixed, p effectively tunes the
_ initial energy content. Withp fixed and with 6~10p, in-
¢(r)=cogC)f(r) creasings increases the charge from some negative value up
L to some positive valuéhe constant 10 is chosen arbitrayily
$(r)=sin(C)f(r) ©) Setting 6=10p turns the family back into one with zero
| charge.

for arbitrary constanC. This data corresponds to a globa : ) .
y P d With this data, some value fof near the value 19 is

rotation of Eq.(8) by an angleC in the complex plane. " T
Because the ?_agg)ran)éian is igvariant with resgect tg this rochosen, and the black hole critical solution is bracketed suf-

tation, the critical solution must be the same as the initialﬁc.i‘.ently clos_ely_so that the s@gn of the initial charge of the
data éescribed by Eq8) critical solution is known. A different is chosen so that the

A more physical understanding of this can be gained b)ﬁign of the charge of the critical solution is found to be the
examining the issue of charge. For both sets of initial datPPosite sign. These two values dtthen bracket a critical

8), (9), the charge is zero. In fact, all components of theValué 8" for which the critical solution §¢=p*) has zero
current density, EG(A3), vanish charge. In this manner, the DSS is found.

The difference between this two-parameter tuning and us-
ji.=0. (10) ing initial data with zero charge is simply the order in which
the tuning occurs. In the latter, the initial data is already
The divergence of this current is zero, so the current densitjuned to have zero charge. The remaining task is then to tune
will not grow if initially vanishing. In other words, the sys- the mass. However in the former, the charge is being tuned
tem with no charge is in a symmetric state with respect tdirst to arrive at a one-parameter family that in general has
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AU SN PV DU This inequality(13) can be expressed in terms of the energy

- 6-67/6" —o0.1 1 . . s o

02 (b=00/0% - 0.01 i density for time-symmetric initial data
r -- 0.001 J 2
B -~ 0.0001 B a F,MF*’“

To0= g (1= «[F[P?" (14

The bound is then

senlFf o, .
—
(1—«|F[?)? 00= &7 ) (15
which, for k=0, is simply
327|F|*T o= ] ,j*. (16)

FIG. 7. Critical solutions withc= 1 for various levels of charge . o
tuning (5— &*)/8*. The initial data is of the form found in Hence there is an upper limit to the square of the charge
Eq. (12). The field 2n/r is shown for ¢—&*)/&* equal to 0.1, density for a given energy density.
0.01, 0.001, 0.0001. A8 approaches* the solution appears dis- Letting the initial data be of the general for(@), the
cretely self-similar longer but eventually becomes the CSS. condition to saturate this bound far=0 is

charge. It is only at the critical value gf that this one-
parameter familyfound from theé search that the solution
has zero charge.

In Fig. 7 a series of critical solutions far=1 with initial ~ which implies
data of the form(11) are shown. For each casp,— p*| is of o
order machine precision. The critical solution gets closer to (f")=0. (18)
the DSS in the limit §— §*)/ 5* — 0. Interestingly, while the
critical solutions of the perturbed spiral data in Fig. 3 ap
peared initially to be headed toward the CSS only to b ; : X
funneled to the DSS, these solutions do the opposite. The he bghawor oF inthe CO’T‘p'eX plane. Bec;au!;évamshes,
begin initially as DSS solutions but eventually head to the®S F 1S traced out for various, the magnitudd does not
CSS. As they get closer to the critical solutiéh, the DSS change; only_the phase IS changm_g so the path is a circle on
lasts for a progressively longer time. This similarity is con-the plane. This tracing then maximizes the area covered for a

sistent with the spiral being tuned to the unstable modes djiven energy. The area covered is proportional to the charge,
the CSS so the charge is maximized.

This analysis applies only fae=0 with time-symmetric
initial data, though presumably similar arguments would
hold for the generalization to other values ofind ingoing

Initial data of the form Eq(9) will always find the DSS, initial data.
because, having no charge, a direction must be picked to- At this point, it is interesting to compare the famil) to
ward either positive or negative charge to break the symmethe spiral initial data. These two families are, in some sense,
try. In the case of finding the multiply-unstable CSS, thecomplementary. Pick somg and imagine that point in the
spiral data maximizes the charge of the initial data for acomplex plane. To construct data of the fo(®), determine
given energy, and so it appears that a symmetry must bthe field values for all othar by requiring these points to fall
broken to disperse all the charge and arrive at the DSS. on the radial line between this initial point and the origin. In

To find a bound on the charge, consider the norm of thehis fashion, the initial data will have some global phase,
vector [FaFaF?y’i[(l—KlFF)Z/Z] e.qFYj .] at the initial  constant inr, equal to some valu€. However beginning
time for time-symmetric initial data. Because at the initial once again from that initial point in the plane, the restriction
time all the time components vanish, the norm is positiveof Eq. (18) says that to construct spiral initial data, @ss
definite. This is similar to a trick employed by Belavin and increased the curve in the plane must lie everywipermpen-

|F|2F F*"‘:}'“' (17)
" 2)

_Saturation therefore occurs when all energy occurs in the
ephase rotationh’. Physically, this is apparent by looking at

B. The CSS

Polyakov[8] and described in Rajaram@f]. Computing dicular to the radial direction.
. Another condition restricting the spiral data appears to be
Fapape +(1— «|F|%) e.F% || FaFapes that the charge density must be independemt dlist as seen
B 2 cdt u with families that find the multiply unstable DSS where the

charge density must be everywhere zero independent of
=0 (12) here the charge density must be everywhere a maximum and
independent of .
In order for the charge density to be independent,dhe
rate at which the data covers the plarnes=h’, must be
constant inr. Initial data which would otherwise be spiral

_ 2\2
(- alFP)

2 €k *

_ 2\4
A-wFP*, 13

2 ,
|F| FF*#= 7 )
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but with h’#0 are shown in Fig. 5 with their respective cates that the spiral data “see” only the black hole mode
critical solutions shown in Fig. 4. These results indicate thaaround the CSS.
only for p=1 in Eq. (6) is the CSS found. Because both the CSS and DSS can both be found where

Another perspective on the constraints of the spiral data ithey have multiple unstable modes, it seems possible that
afforded by examining the ratio of the charge density to theother suitably tuned families in other models might find
energy density other, previously unknown multiply unstable critical solu-

tions.
iu 2a%f2h’ 2a?
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'(r.0=0, h"(r,0=0 (20 APPENDIX: EQUATIONS OF MOTION

is quite difficult. Regularity at the origin requires either  The actionS for the model under study here is
f(Ot)=0 orf'(0,t)=0=h"(0}).

. . . . 2
Satisfying the former along with strict observance of Eq. _J 4 —l o 2|VF|
(20) leads to the trivial solutiof¥ (r,0)=0. Instead, as men- 5= ) dxvgR (1-«|F[?)?) (A1)
tioned earlier, initial data is used whefevanishes at the ) ) )
origin, but is then “turned on” at some larger The condi- defined in terms of a complex scalar fidtr,t),
tion f' =0 is then not satisfied everywhere, but fér< w the F(r,t)=g(r,t) +ig(r.1), (A2)

CSS is still found.

~ Satisfying the latter condition along with"=0 at the  jts complex conjugat&* (r,t), and a dimensionless param-
initial time also leads to a trivial solutiof(r,0)=C, for  eter . The operatoV represents the covariant derivative.

some complex consta@. Again,  can be “turned on” at  The action(Al) is invariant with respect to global rotations
some larger, but this can only be done in a smooth way if of F, and thus has a conserved current

h"(r,0) is not everywhere zero.

The difficulty in constructing non-trivial, regular, initial _i(FF* ,—F*F )
data which is strictly spiral has hampered the analysis. While Ju= (1— k|F|?)?
initial data of the form (9) has the symmetry
¢(r)=tan(C)y(r) which holds at all times, it is not clear if In component form where Latin indices run over 1 and 2 for
there is such a preserved symmetry here. The approximatBe real and imaginary components, this current is
symmetryé(r) =tan(wr)y(r) holds at the initial time for the
spiral data but does not appear to hold throughout the evo-
lution. Also, the bound(18) is shown only for time-
symmetric initial data but ingoing spiral data also finds the
CSS. However, the evolutions consistently show that initial
data which has the ratio of charge density to energy density G,,=87T,, (A5)
independent of will find the CSS as its critical solution.

(A3)

2
- apb
= A= F PR €anFFP . (A4)

The field equations are then

OF

=— iz
IV. CONCLUSION 12wk (AB)

A special family of initial data is described which finds whereG ,, is the usual Einstein tensor and the stress energy
the CSS critical solution in a region of parameter spacqgkes the form

where generic initial data finds the DSS. The specialness of

this family is discussed. A bound on the charge density for 1 , ,
time-symmetric initial data is found, which this family satu- Yot dud— §9uv(‘/’,p‘/” té,97)
rates. Because the spiral data maximizes the charge density T,,= Ar(l— (g2t $D))2

and because this charge density is independent, of is
argued that the extra unstable modes cannot grow because
their growth would pick a direction in which to decrease theln terms of the real and imaginary parts Bf the wave
charge. The inability of the extra modes to grow then indi-equation becomes

(A7)
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2kl i — b b+ 209 "]

Oy=— =y @

v 1— k(2 + ¢?) lﬂ =y

2c[ @t~ ¢¢M¢”+2¢¢M¢“]
O¢=— 2
1— k(% + ¢?) a . )
(A8) y=—¢, ®,=¢, (A10)

We work in spherically symmetry with the metric

ds’=—a?(r,)dt?+a*(r,)dr’+r?dQ? (A9  \here overdots and primes denote derivatives with respect to

t andr, respectively. The two second order wave equations

We introduce the following auxiliary variables in order to : .
become four, first order equations

cast the field equations in first order in time form

rla ) 20k (D5 —T15—= D+ 115) +2¢(D Dy~ 11,11 ,)]

11 =r2<—(1) All
s v a(l—x(/2+ 69) (ALD
. o !
. r? " 2ak] p(P5—T15—DL+T17) +24(D 4P I
H¢=r‘2 —a<I>¢) [ &( 2) H( PE P ¢> ¢)] (A13)
a a(l—k(y*+ ¢%)
b,—%m,) Al4
o=\ 5 (A14)
|
The fieldsiy and ¢ are maintained at each time step by spa- a(0t)' =a(0t) =0 (A20)
tially integrating their respective spatial derivatives
r ®,(0t)=P4(0t)=0, (A21)
plr,H)= fOCI)l,,(r,t)dr (A15  and local flatness there is enforced by
) a(ot)=1. (A22)
o(r.H)= Jorbd,(r,t)dr. (A16) We have the freedom to pick a condition eron each time

slice which corresponds to a global change in the labeling of
The Hamiltonian constraint is slices. We impose the condition om at the large radius
boundary of the grid ax
a’ a’-1_ r[®f+®u+II5+117] AL L
2r 20— k(y*+¢7)* (I g t) = =
a(rmawt)

(A23)

The nature of polar slicing and the radial gauge vyields the

constraint on the lapse functian As long as no radiation is escaping from the grid, this con-

dition implies that coordinate time corresponds to proper
2 time for an observer at= .
(A18) The nature of being restricted to a finite grid imposes the
need for an artificial boundary condition on the matter fields
there. Since our spacetime is asymptotically flat, we impose
an approximate outgoing radiation condition on the matter
fields. The flat space wave equation for some general scalar
field ®(r,t) in spherical symmetry

o a r

Finally, combination of an evolution equation and a momen-
tum constraint yields an evolution equation for

<I>¢,H,,,+¢>¢H¢
a=r 5. (A19)
(1 k(2 + ¢%)) O00=(r0),=(r0), (A24)
Regularity of the solution at the origin demands has the solution
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ro=f(r+t)+g(r—t) (A25)

for two general function$ (in-going componentandg (out-

going component To eliminate the in-going component at
the outer boundary, we enforce at the boundary the conditio

a(r@)__ a(r@)

ar ot (A26)
with the equations
. I
H®+H+ TZO (A27)
) dg
CD@-F(I)&)-FT:O, (A28)

which effectively limits reflection off the outer boundary.
The metric (A9) corresponds to a ‘“dynamical”
Schwarzschild metric, allowing the association

-1

2m(r,t) (A29)

a’(r,t)=|1—

PHYSICAL REVIEW D 58 084015

where the fieldm(r,t) represents the mass aspect function
measuring the amount of mass contained within a shell of

radiusr centered about the origin at coordinate titndEqua-
Hon (A29) leads to

1

m(r,t)=%(l——2 : (A30)

a

so that from the fielda(r,t), we can obtain the mass aspect
function.

An advantage of polar slicingand most slicing conditions
used in numerical relativilyis that it avoids singularities.
Further, because of our use of polar-areal coordinates, we
cannot observe the formation of a true horizon which is a
coordinate singularity in our coordinates. Instead, by moni-
toring m(r,t)/r we can observe the formation of a horizon
and hence a black hole when/r—1/2. Wherem/r ap-
proaches 1/2, we can determine the mass of the black hole
forming by simply halving the radius where the horizon
forms.
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